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POSITIVITY AND THE CANONICAL BASIS OF TENSOR PRODUCTS OF
FINITE-DIMENSIONAL IRREDUCIBLE REPRESENTATIONS OF QUANTUM sl(k)
JOSHUA SUSSAN
Abstract. In a categorification of tensor products of fundamental representations of quantum sl(k) via
highest weight categories, the indecomposable tilting modules descend to the canonical basis. Projective
functors map tilting modules to tilting modules implying the coefficients of the canonical basis of tensor
products of finite dimensional, irreducible representations under the action of the Chevalley generators are
positive.
1. Introduction
G. Lusztig gave a geometric construction of the canonical basis in the lower half of the quantized enveloping
algebra U−q (g) where g is a finite-dimensional or affine Kac-Moody algebra [Lus]. Due to the geometric nature
of this basis, various coefficients associated to this basis are positive and integral. M. Kashiwara constructed
this basis independently using different methods [Kas]. This basis then gives rise to a basis on all irreducible,
integrable Uq(g) modules. Lusztig then showed how to get a canonical basis for tensor products of such
representations. The goal of this note is to prove that the coefficients of the canonical basis under the action
of the Chevalley generators for tensor products of finite dimensional, irreducible representations of Uq(slk)
are positive and integral.
In [BFK], n tensor products of the natural representation of sl2 were recognized as Grothendieck groups
of maximally singular blocks of category O(gln). The action of the Lie algebra was categorified by projective
functors acting on these highest weight categories. In [FKS], this construction was generalized to a cate-
gorification of the quantum group on tensor products of arbitrary finite dimensional representations. The
categorification in [BFK] was generalized in another direction to a functorial action of Uq(slk) on tensor
products of fundamental representations in [Su]. We use this result to prove the following theorem:
Theorem. Let {b1, . . . , bm} be the canonical basis for the tensor product of finite dimensional irreducible
Uq(slk) modules V (λ1) ⊗ · · · ⊗ V (λk). Let Ei, Fi, i = 1, . . . , k − 1 be Chevalley generators for this algebra.
Then Eibj = Σnci,j,nbn, Fibj = Σndi,j,nbn where ci,j,n, di,j,n ∈ N[q, q
−1] for all i, j, n.
Different approaches to categorification of quantums groups have been developed recently [KhLa], [Z].
Using geometric techniques, H. Zheng recently proved this result [Z]. Lusztig proved this theorem for the
case of a single irreducible finite dimensional representation in the simply-laced case [Lus].
The goal is to identify graded lifts of tilting modules in parabolic subcategories of ⊕dOd(gln) as a cat-
egorification of the canonical basis of Λi1Vk−1 ⊗ · · · ⊗ Λ
irVk−1 where Vk−1 is the natural representation of
Uq(slk). Since projective functors preserve the subcategory of tilting modules, the desired positivity and
integrality properties follow. The theorem above then follows from this special case.
Acknowledgements: The author is very grateful to Mikhail Khovanov for suggesting this problem and
helpful comments on an earlier draft of the paper.
2. The quantum group and its representations
Definition 1. The quantum group Uq(slk) is the associative algebra overQ(q) with generatorsEi, Fi,Ki,K
−1
i
for i = 1, . . . , k − 1 satisfying the following conditions:
(1) KiK
−1
i = K
−1
i Ki = 1
(2) KiKj = KjKi
Date: October 23, 2018.
1
(3) KiEj = q
ci,jEjKi
(4) KiFj = q
−ci,jFjKi
(5) EiFj − FjEi = δi,j
Ki−K
−1
i
q−q−1
(6) EiEj = EjEi if |i− j| > 1
(7) FiFj = FjFi if |i− j| > 1
(8) E2i Ei±1 − (q + q
−1)EiEi±1Ei + Ei±1E
2
i = 0
(9) F 2i Fi±1 − (q + q
−1)FiFi±1Fi + Fi±1F
2
i = 0
where
ci,j = 2 if j = i
−1 if j = i± 1
0 if |i− j| > 1.
Let Vk−1 be the standard k− dimensional Uq(slk)− module with basis v0, . . . , vk−1. The algebra acts on
this space as follows:
Eivj = 0 if j 6= i− 1
Eivj = vi if j = i− 1
Fivj = 0 if j 6= i
Fivj = vi−1 if j = i
K±1i vj = q
±1vi if j = i
K±1i vj = q
∓1vi−1 if j = i− 1
K±1i vj = vj if j 6= i− 1, i.
We fix a comultiplication ∆: Uq(slk)→ Uq(slk)⊗ Uq(slk) as follows:
∆(Ei) = 1⊗ Ei + Ei ⊗Ki
∆(Fi) = K
−1
i ⊗ Fi + Fi ⊗ 1
∆K±1i = K
±1
i ⊗K
±1
i
Via ∆, a tensor product of Uq(slk)− modules becomes a Uq(slk)− module.
Define the n−th fundamental representation ΛnVk−1 to be a quotient of V
⊗n
k−1 be the submodule generated
by elements of the form
vi1 ⊗ · · · ⊗ vik ⊗ vik+1 ⊗ · · · ⊗ vin − q
−1vi1 ⊗ · · · ⊗ vik+1 ⊗ vik ⊗ · · · vin .
Let vi1 ∧ · · · ∧ vin be the image of the vector vi1 ⊗ · · · ⊗ vin for i1 > · · · > in.
Let πn : V
⊗n
k−1 → Λ
nVk−1 be the map defined by
πn(vw(i1) ⊗ · · · ⊗ vw(in)) = (−1)
l(w)−n(n−1)/2ql(w)−n(n−1)/2vi1 ∧ · · · ∧ vin ,
where i1 > · · · > in, w ∈ Sn, and l(w) is the length of the element w.
Let ιn : Λ
nVk−1 → V
⊗n
k−1 be the map
ιn(vi1 ∧ · · · ∧ vin) = Σw∈Sn(−1)
l(w)ql(w)vw(i1) ⊗ · · · ⊗ vw(in),
where i1 > · · · > in.
These give maps:
πi1 ⊗ · · ·πir : V
⊗(i1+···+ir)
k−1 → Λ
i1Vk−1 ⊗ · · · ⊗ Λ
irVk−1
ιi1 ⊗ · · · ⊗ ιir : Λ
i1Vk−1 ⊗ · · · ⊗ Λ
irVk−1 → V
⊗(i1+···+ir)
k−1 .
Lusztig defined an element Θ = 1 + Σaj ⊗ bj in a completion of Uq(slk)
⊗2, where each aj is in the
subalgebra generated by the set {Ei|i = 1, . . . , k − 1} and each bj is in the subalgebra generated by the set
2
{Fi|i = 1, . . . , k−1}. See chapter 4 of [Lus] for more details. This gives rise an involution on tensor products
of irreducible, integrable representations. Let V and W be two such representations. The representations V
andW have involutions ψV and ψW respectively [Lus]. Then there is an involution ψV⊗W : V ⊗W → V ⊗W
defined by ψ(v ⊗ w) = Θ(ψV (v) ⊗ ψW (w)). In particular, this defines ψ on Λ
i1Vk−1 ⊗ · · · ⊗ Λ
irVk−1. On
ΛjVk−1, ψ(va1 ∧ · · · ∧ vaj ) = va1 ∧ · · · ∧ vaj .
Lusztig and Kashiwara defined a canonical basis on the quantum algebra and on the tensor products of
irreducible, integrable representations. On the fundamental representation Λn(Vk−1), the canonical basis is
the set of elements of the form va1 ∧ · · · ∧ van . On the representation Λ
i1Vk−1 ⊗ · · · ⊗ Λ
irVk−1, there is a
basis of elements of the form bi1j1 ⋄ · · · ⋄ b
ir
jr
, where bisjs is a canonical basis element for Λ
isVk−1. This basis is
uniquely determined by the following two properties (see chapter 27 of [Lus]):
(1) ψ(bi1j1 ⋄ · · · b
ir
jr
) = bi1j1 ⋄ · · · ⋄ b
ir
jr
(2) bi1j1 ⋄ · · · ⋄ b
ir
jr
= bi1j1 ⊗ · · · ⊗ b
ir
jr
+ q−1Z[q−1]Σbi1j∗1
⊗ · · · ⊗ birj∗r
where the summation is over all basis elements not equal to bi1j1 ⊗ · · · ⊗ b
ir
jr
.
3. Parabolic-singular category O
3.1. Categorification of Λi1Vk−1⊗· · ·⊗Λ
irVk−1. Fix a triangular decomposition gln = n
−⊕h⊕n+ where
n− are the lower triangular matrices, n+ are the upper triangular matrices and h are the diagonal matrices.
Let e1, . . . , en be a basis for h with a dual basis e
∗
1, . . . , e
∗
n of h
∗.
Definition 2. Let O(gln) be the full subcategory of gln modules which satisfy the following properties:
(1) Finitely generated as U(gln)− modules.
(2) Diagonalizable under the action of the Cartan subalgebra h.
(3) Locally finite under the action of the Borel subalgebra b = h+ n+.
This category decomposes into a direct sum of subcategories corresponding to the generalized central
characters.
Definition 3. (1) Let O(dk−1,dk−2,...,d0)(gln) = Od(gln) be the block of O(gln) for the central character
corresponding to the weight ωd =
∑k−1
i=0
∑di
j=1 ie
∗
dk−1+···+di+1+j
− ρ, where e∗dk−1+···+dk+j = e
∗
j and
ρ =
n− 1
2
e1 +
n− 3
2
e2 + · · ·+
1− n
2
en
is half the sum of the positive roots.
(2) Let O0(gln) be the trivial block.
(3) Let M(a1, . . . , an) be the Verma module with highest weight a1e1 + · · ·+ anen − ρ.
(4) Let L(a1, . . . , an) be the simple module with highest weight a1e1 + · · ·+ anen − ρ.
(5) Let P (a1, . . . , an) be the indecomposable projective cover of L(a1, . . . , an).
There are di terms in the weight from the definition above with coefficient i. Note that
∑k−1
j=0 dj = n. For
a triangulated category C, denote by [C] the Grothendieck group of C. For a triangulated functor J : C → D
let [J ] denote the image of the functor on the Grothendieck group.
Proposition 1. Assume that the following direct sum is over all d such that the entries are non-negative
integers and the sum of the entries is n. Then Q⊗Z [⊕dOd(gln)]
∼= V ⊗nk−1 where Vk−1 is just a k− dimensional
vector space over Q.
Proof. The image of the Verma module [M(a1, . . . , an)] gets mapped to va1 ⊗ · · · ⊗ van . 
This proposition is the first step towards categorification of slk−modules. Next we would like to categorify
the action of the Lie algebra. The desired functors come directly from [BFK]. It is essentially the projective
functor of tensoring with the n− dimensional representation Vn−1.One only has to be careful about projecting
onto the various blocks. Define projd the functor of projecting onto the block Od(gln).
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Definition 4. (1) Let Ei : O(dk−1,dk−2,...,d0)(gln) → O(dk−1,...,di+1,di−1−1,...,d0)(gln) be the functor de-
fined by
EiM = proj(dk−1,...,di+1,di−1−1,...,d0)(Vn−1 ⊗M).
(2) Let Fi : O(dk−1,dk−2,...,d0)(gln)→ O(dk−1,...,di−1,di−1+1,...,d0)(gln) by
FiM = proj(dk−1,...,di−1,di−1+1,...,d0)(V
∗
n−1 ⊗M).
(3) Let Hi : O(dk−1,dk−2,...,d0)(gln)→ O(dk−1,dk−2,...,d0)(gln) be Id
⊕(di−di−1) .
Let I and J be compositions of n. If I = i1 + · · · + ir = n, associate to I the Young subgroup of Sn,
Si1 × · · · × Sir . Let µI and µJ be integral dominant weights stabilized by the subgroups associated to I
and J. Suppose J ⊂ I, (there is a containment of the associated subgroups.) Then we can define the
translation functor θµJµI = θ
J
I from OµI (gln) to OµJ (gln). It is the projective functor given be tensoring with
the finite dimensional, irreducible module with highest weight µJ − µI and then projecting onto the block
OµJ (gln). There is also an adjoint functor θ
I
J of tensoring with the dual module and then projecting onto
the appropriate block. Let θi0 be translation from the trivial block onto the ith wall and let θ
0
i be translation
from the wall back into the trivial block. Finally, let θi = θ
0
i θ
i
0.
Definition 5. (1) The subalgebra p(r1,...,rt) is the parabolic subalgebra whose reductive subalgebra is
glr1 ⊕ · · · ⊕ glrt , where r1 + · · ·+ rt = n.
(2) Denote by Op
d
(gln) the full subcategory of Od(gln) of modules locally finite with respect to the
subalgebra p. Let O
(r1,...,rt)
d
(gln) be the category O
p(r1,...,rt)
d
(gln).
(3) Let Zp : Od(gln) → O
p
d
(gln) be the dual Zuckerman functor of taking the maximal locally finite
quotient with respect to U(p). The corresponding derived functor on the bounded derived category
is LZp.
(4) Let ǫp : O
p
d
(gln)→ Od(gln) be the exact inclusion functor.
We now recall the definition of the generalized Verma modules which are objects in these locally finite
categories.
Definition 6. (1) Let S denote the subset of simple roots defining the parabolic subalgebra p.
(2) Let P+p = {λ ∈ h
∗|〈λ, α〉 ∈ Z≥0, ∀α ∈ S}.
Given such a λ ∈ P+p , we may define the generalized Verma module M
p(λ) = U(g) ⊗U(p) E(λ), where
E(λ) is the simple p− module with highest weight λ.
If λ = a1e
∗
1 + · · · + ane
∗
n − ρ, then λ ∈ P
+
p if ai > ai+1 whenever αi ∈ S. In that case, set M
p(λ) =
Mp(a1, . . . , an).
Proposition 2. There is an isomorphism of vector spaces C ⊗Z [⊕dO
(r1,...,rt)
d
] ∼= Λr1Vk−1 ⊗ · · · ⊗ Λ
rtVk−1
where ΛjVk−1 is an exterior power of Vk−1.
Proof. Let p be the subalgebra given above. The isomorphism sends [Mp(a1, . . . , an)] to
(va1 ∧ · · · ∧ vr1)⊗ · · · ⊗ (var1+···+rt−1+1 ∧ · · · ∧ var1+···+rt ).
This is clearly a bijection. 
If any of the ri above is larger than k, then the category contains no non-trivial objects.
3.2. Tilting modules. We now introduce a collection of modules which will descend to the canonical basis
in the Grothendieck group. The tilting objects in category O were classified by Collingwood and Irving [CI].
Theorem 1. In O0(gln), for each w ∈ Sn, there exists a unique (up to isomorphism), indecomposable module
T (w) such that T (w) is self-dual and T (w) has a Verma flag with M(w) occuring as a submodule.
Proof. See [CI]. 
4
Collingwood and Irving generalize this result to a parabolic subcategory of the trivial block. From now
on let p be a parabolic subalgebra of gln containing the reductive subalgebra gli1 ⊕ · · · ⊕ glir . Consider
the corresponding Young subgroup Si = Si1 × · · · × Sir . Let (Si\Sn)shortest be the set of shortest coset
representatives. Let wi0 be the longest element of this set.
Theorem 2. For each w ∈ (Si\Sn)shortest, there exists a unique up to isomorphism, self-dual, indecomposable
object T p(w) of Op0(gln) which has a filtration by generalized Verma modules such that M
p(w) occurs as a
submodule.
Proof. See [CI]. 
These tilting objects are constructed as direct summands of translation functors applied to the simple
Verma module in the case of theorem 1 and direct summands of translation functors applied to the simple
generalized Verma module in the case of theorem 2. Let w0 be the longest element of Sn.
Corollary 1. There is an isomorphism LZpT (ww0) ∼= T
p(ww0)[l(w
i
0)], when w ∈ (Si\Sn)shortest. If w /∈
(Si\Sn)shortest, then LZ
pT (ww0) = 0.
Proof. Let w ∈ (Si\Sn)shortest. By [ES], LZ
pM(w0) ∼= M
p(wi0)[l(w
i
0)]. Since T (ww0) is a direct summand
of a translation functor applied to M(w0), and translation functors naturally commute with the Zuckerman
functor, we get the desired isomorphism.
For the case w /∈ (Si\Sn)shortest, write w = σj1 · · ·σjaσk1 · · ·σkb where σj1 · · ·σja ∈ Si and σk1 · · ·σkb ∈
(Si\Sn)shortest. Since w /∈ (Si\Sn)shortest, σj1 · · ·σja 6= e. In the notation of [CI], T (ww0) is a direct summand
of θ(w)M(w0) where θ(w) = θkb · · · θj1 .
Now, LZpT (ww0) ⊂ LZ
pθ(w)M(w0) = θ(w)M
p(wi0)[l(w
i
0)] = 0 since θj1M
p(wi0) = 0 by [CI]. 
Tilting modules in category Oλ(gln) and O
p
λ(gln), where λ may be singular, are constructed from the
tilting modules in the trivial block via translation. Let θλ0 and θ
0
λ be translations onto and off the wall
respectively.
Proposition 3. The object θλ0T (w) has a unique (up to isomorphism) direct summand with submodule
isomorphic to M(w.λ).
Proof. Assume θλ0T (w)
∼= T1(w.λ) ⊕ T2(w.λ) ⊕ TG where T1(w.λ) and T2(w.λ) are indecomposable tilting
objects which have submodules isomorphic toM(w.λ). Then θ0λθ
λ
0T (w)
∼= θ0λT1(w.λ)⊕θ
0
λT2(w.λ)⊕θ
0
λTG. The
proof of theorem 4.1 of [Maz] shows that translating an indecomposable tilting module off the wall gives an
indecomposable tilting module. Thus θ0λM(w.λ) ⊂ T (w1) and θ
0
λM(w.λ) ⊂ T (w2) for some w1 and w2. Since
θ0λM(w.λ) has a Verma flag, there exists a w3 such that M(w3) is contained in both T (w1) and T (w2). Thus
T (w1) ∼= T (w2) ∼= T (w3). Thus θ
0
λT1(w.λ)
∼= θ0λT2(w.λ)
∼= T (w3). Therefore θ
λ
0 θ
0
λT1(w.λ)
∼= θλ0 θ
0
λT2(w.λ).
Translating off the wall and then back on to it gives a direct sum of copies of the identity functor. Therefore
T1(w.λ) ∼= T2(w.λ). 
Definition 7. (1) Suppose w ∈ (Sn/Sλ)shortest. Let T (w.λ) be an indecomposable summand of θ
λ
0T (w)
which has M(w.λ) as a submodule.
(2) Suppose the stabilizer of λ is Sd. Let w ∈ (Si\Sn)shortest and w ∈ (Sn/Sd)shortest. Let T
p(w.λ) be
an indecomposable summand of θλ0T
p(w) which has Mp(w.λ) as a submodule.
Lemma 1. The object LZp(T (w.λ)) is a shifted indecomposable tilting object.
Proof. By construction, LZp(T (w.λ)) is direct sum of shifted tilting objects. Assume LZpT (w.λ) ∼= T p(w1.λ)[a]⊕
T p(w2.λ)[a]. Then θ
0
λLZ
p(w.λ) ∼= LZpθ0λT (w.λ)
∼= LZpT (w′) for some w′. This object is indecomposable.
On the other hand, it is isomorphic to θ0λT
p(w1.λ)[a] ⊕ θ
0
λT
p(w2.λ)[a]. Thus, one of these objects is zero.
Since θλ0 θ
0
λ is a direct sum of identity functors, either T
p(w1.λ)[a] or T
p(w2.λ)[a] is zero. 
Proposition 4. (1) All indecomposable tilting objects of Oλ(gln) are of the form T (w.λ).
(2) All indecomposable tilting objects of Opλ(gln) are of the form T
p(w.λ).
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Proof. We only prove the first statement. The proof of the second statement is similar. Let T be an
indecomposable tilting object inOλ(gln). Then again by [Maz], θ
0
λT
∼= T (w) for some w. Then θλ0 θ
0
λT
∼= ⊕T ∼=
θλ0T (w). Since θ
λ
0T (w)
∼= T (w.λ)⊕⊕iTi where Ti are other indecomposable tilting modules, Ti ∼= T ∼= T (w.λ)
for all i. 
3.3. Graded Category O. In section 3.1, various aspects of the representation theory of slk were categori-
fied. The categorification of quantum groups is accomplished through graded representation theory. We will
treat category O as a category of graded modules. Then a shift in this grading descends to multiplication by
q in the Grothendieck group: [M〈1〉] = q[M ]. The idea of graded category O originates from [Soe1], [Soe3].
In [Str1], it was shown how to construct graded lifts of translation functors.
Definition 8. Let Pd = ⊕x∈Sn/SdP (x.ωd) where d = (dk−1, . . . , d0), x is a minimal coset representative,
and ωd which was defined in definition 3.
Then Pd is a minimal projective generator of Od(gln). There is an equivalence of categories Od(gln)
∼=
mod − Ad where Ad = Endg(Pd) and mod − Ad is the category of finitely generated right Ad− modules.
We will interpret Ad as a graded algebra.
The following lemma may be found in [Bass].
Lemma 2. Let R and S be any rings. There is an equivalence of categories:
{right exact functors compatible with direct sums : (mod-R→ mod-S)} → R-mod-S.
Under this equivalence a functor F gets mapped to F (R). In the other direction, a bimodule X gets mapped
to • ⊗R X.
Let P (x.ωd) be an indecomposable projective object in Od(gln). Then Z
pP (x.ωd) is either 0 or an inde-
composable projective object in Op
d
(gln), (see [Ro].)
Denote by P p
d
a minimal projective generator ofOp
d
(gln). Let A
p
d
= End(P p
d
) be its endomorphism algebra.
Then there is an equivalence of categories Op
d
(gln)
∼= mod − A
p
d
. Let S = S(h) be the symmetric algebra
associated to the Cartan subalgebra. Let W = Sn be the Weyl group. Let C = S/S
W
+ be the associated
coinvariant algebra. Let Cd be the subalgebra invariant under Wd. Let w
d
0 be the longest element in the set
of shortest coset representatives of W/Wd. There is the is a well known isomorphism due to Soergel [Soe1]
between the endomorphism algebra of the indecomposable projective-injective module and this subalgebra
of invariants: End(P (wd0 .ωd))
∼= Cd.
Definition 9. Let Vd : Od(gln)→ mod−C
d be the Soergel functor defined by M 7→ Homg(P (w
d
0 .ωd),M).
Soergel showed that the functor Vλ is fully faithful on projective objects [Soe1]. Suppose J ⊂ I as defined
earlier. Translation functors and Soergel functors are related by the following lemma originally proved by
Soergel.
Lemma 3. Let ResIJ : mod− C
J → mod− CI denote the restriction functor. Then
(1) VJθ
J
I
∼= CJ ⊗CI VI .
(2) VIθ
I
J
∼= ResIJVJ .
Proof. This is proposition 3.3 of [FKS]. 
This lemma together with the fact that Vd is a faithful functor on projective objects allows us to consider
the endomorphism ring of a minimal projective generator of O as a graded ring [Str1]. A projective object
is a direct summand of a sequence of projective functors applied to a dominant Verma module. Thus by the
previous lemma, a projective object P, VdP becomes a graded C
d− module. Then End(VdP ) becomes a
graded ring so there is a grading on Ad.
In [Maz] it was shown that Ap
d
is a graded quotient of Ad. Now we can consider Od(gln) and O
p
d
(gln) as
graded categories by considering gmod−Ad and gmod−A
p
d
respectively.
We fix a graded lift of a generalized Verma module M˜p(x.ωd) so that its head is concentrated in degree
zero. The proof of proposition 5.2 of [FKS] gives a graded inclusion M˜(x.ωd)〈l(x)〉 → M˜(ωd) of Verma
6
modules. This implies that the standard maps in a generalized BGG resolution are homogeneous of degree
1.
Define the k-tuple d + t0ǫ0 + · · · + tk−1ǫk−1 to be (dk−1 + tk−1, . . . , d0 + t0) where the ti are integers.
Assume t > 0. Define (d;d+ tǫi − tǫi−1) to be the (k+1)-tuple (dk−1, . . . , di, t, di−1 − t, di−2, . . . , d0). Define
(d;d− tǫi + tǫi−1) to be the (k+1)-tuple (dk−1, . . . , di − t, t, di−1, di−2, . . . , d0).
Recall the definitions of Ei,Fi from section 3.1.
Lemma 4. (1) Ei : Od → Od+ǫi−ǫi−1 is isomorphic to θ
d+ǫi−ǫi−1
d;d+ǫi−ǫi−1
θ
d;d+ǫi−ǫi−1
d
.
(2) Fi : Od → Od−ǫi+ǫi−1 is isomorphic to θ
d−ǫi+ǫi−1
d;d−ǫi+ǫi−1
θ
d;d−ǫi+ǫi−1
d
.
Proof. See proposition 3.2b of [FKS]. 
Now we are prepared to introduce the graded lifts E˜i, F˜i, H˜, and H˜
−1. By lemma 2,
Ei : mod−Ad → mod−Ad+ǫi−ǫi−1
is given by
• ⊗mod−Ad Homgln(Pd+ǫi−ǫi−1 , EiPd).
By lemma 4 this is
• ⊗mod−Ad Homgln(Pd+ǫi−ǫi−1 , θ
d+ǫi−ǫi−1
d;d+ǫi−ǫi−1
θ
d;d+ǫi−ǫi−1
d
Pd).
Then by lemma 3 this is isomorphic to
• ⊗gmod−Ad HomCd+ǫi−ǫi−1 (Vd+ǫi−ǫi−1Pd+ǫi−ǫi−1 ,Res
d+ǫi−ǫi−1
d;d+ǫi−ǫi−1
Cd;d+ǫi−ǫi−1 ⊗Cd VdPd).
Definition 10. (1) Let E˜i =
• ⊗gmod−Ad HomCd+ǫi−ǫi−1 (Vd+ǫi−ǫi−1Pd+ǫi−ǫi−1 ,Res
d+ǫi−ǫi−1
d;d+ǫi−ǫi−1
Cd;d+ǫi−ǫi−1 ⊗Cd VdPd〈1− di−1〉).
(2) Let F˜i =
• ⊗gmod−Ad HomCd−ǫi+ǫi−1 (Vd−ǫi+ǫi−1Pd−ǫi+ǫi−1 ,Res
d−ǫi+ǫi−1
d;d−ǫi+ǫi−1
Cd;d−ǫi+ǫi−1 ⊗Cd VdPd〈1− di〉).
(3) H˜ = Id〈di − di−1〉.
(4) H˜−1 = Id〈−(di − di−1)〉.
Note that it is possible to define graded lifts of functors categorifying divided powers E˜
(t)
i , F˜
(t)
i .
Theorem 3. There are isomorphisms of graded projective functors:
(1) H˜iH˜
−1
i
∼= Id ∼= H˜−1i H˜i.
(2) H˜iH˜j ∼= H˜jH˜i.
(3) If |i− j| > 1, H˜iE˜j ∼= E˜jH˜i.
(4) H˜iE˜i ∼= E˜iH˜i〈2〉.
(5) If |i− j| = 1, H˜iE˜j ∼= E˜jH˜i〈−1〉.
(6) If |i− j| > 1, H˜iF˜j ∼= F˜jH˜i.
(7) H˜iF˜i ∼= F˜iH˜i〈−2〉.
(8) If |i− j| = 1, H˜iF˜j ∼= F˜jH˜i〈1〉.
(9) If i 6= j, E˜iF˜j ∼= F˜j E˜i.
(10) If |i− j| > 1, E˜iE˜j ∼= E˜j E˜i.
(11) If |i− j| > 1, F˜iF˜j ∼= F˜jF˜i.
(12) E˜iE˜iE˜i+1 ⊕ E˜i+1E˜iE˜i ∼= E˜iE˜i+1E˜i〈1〉 ⊕ E˜iE˜i+1E˜i〈−1〉.
(13) E˜iE˜iE˜i−1 ⊕ E˜i−1E˜iE˜i ∼= E˜iE˜i−1E˜i〈1〉 ⊕ E˜iE˜i−1E˜i〈−1〉.
(14) F˜iF˜iF˜i+1 ⊕ F˜i+1F˜iF˜i ∼= F˜iF˜i+1F˜i〈1〉 ⊕ F˜iF˜i+1F˜i〈−1〉.
(15) F˜iF˜iF˜i−1 ⊕ F˜i−1F˜iF˜i ∼= F˜iF˜i−1F˜i〈1〉 ⊕ F˜iF˜i−1F˜i〈−1〉.
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(16) If di−1 > di then
F˜iE˜i ∼= E˜iF˜i ⊕
di−1−di−1
r=0 Id〈di−1 − di − 1− 2r〉.
If di > di−1 then
E˜iF˜i ∼= F˜iE˜i ⊕
di−di−1−1
r=0 Id〈di − di−1 − 1− 2r〉.
If di = di−1, then F˜iE˜i ∼= E˜iF˜i.
Proof. See [Su]. 
The Zuckerman functor Zp also becomes a graded functor Z˜p. It is the functor of tensoring with the
graded bimodule Ap
d
〈dim(b)− dim(p)〉.
Proposition 5. Let ai1,...,ir = dim(b)− dim(p). Then on the Grothendieck group,
(1) [LZ˜(i1,...,ir)[ai1,...,ir ]] = πi1 ⊗ · · · ⊗ πir
(2) [ǫ˜(i1,...,ir)] = ιi1 ⊗ · · · ⊗ ιir .
Proof. (1) This follows from computing the derived Zuckerman functor on Verma modules. By propo-
sition 5.5 of [ES],
LZ(i1,...,ir)M(a1, . . . , an) ∼=M
(i1,...,ir)(aj1 , . . . , ajn)[l(w)],
or zero where
aj1 > · · · > aji1 , . . . , ajn−ir+1 > · · · > ajn ,
{ai1+···+ik−1+1, . . . , ai1+···+ik} = {aji1+···+ik−1+1 , . . . , aji1+···+ik }
for k = 1, . . . , r and w is the length of the permutation mapping (a1, . . . , an) to (aj1 , . . . , ajn). The
graded case now follows by noting that Verma modules are Koszul. That is, there is a projective
resolution of the graded Verma module by graded projective modules such that the projective module
in homological degree i is generated by its degree i internal grading.
(2) The BGG resolution gives a resolution of a generalized Verma modules by Verma modules. It has
the appropriate grading by noting that M˜(x.ωd)〈l(x)〉 → M˜(ωd) is a homogeneous map of degree
zero.

Finally, we let T˜ p(w.ωd) be the graded lift of the tilting module T
p(w.ωd) such that M˜
p(w.ωd) occurs as
a submodule. Graded lifts of tilting modules were introduced in [MO].
4. Special bases in the Grothendieck group
4.1. The Hecke algebra. Let A be the associative algebra overQ(q) with generatorsHsi for each simple re-
flection si in the Weyl group Sn and relationsHsiHsj = HsjHsi for |i−j| > 1, HsiHsi+1Hsi = Hsi+1HsiHsi+1 ,
and (Hsi + q)(Hsi − q
−1) = 0.
Let WQ be a Young subgroup of W. Let W
Q be the set of minimal length coset representatives of W/WQ.
There is an A− module MQ defined as follows. As a Q(v) vector space, MQ has basis my where y ∈ W
Q.
Then Hsimy =
msiy + (q
−1 − q)my if l(siy) < l(y)
msiy if l(siy) > l(si), siy ∈ W
Q
q−1my if l(siy) > l(y), siy /∈ W
Q.
Let d : A → A be the algebra homomorphism given by d(q) = q−1 and d(Hx) = H
−1
x−1 . We extend this
involution to an involution on MQ given by d(me) = me and d(hme) = d(h)me where h ∈ A.
Theorem 4. There is a basis {mx|x ∈ W
Q} for MQ such that d(my) = my and my = Σxnx,ymx where
nx,y ∈ qZ[q], and ny,y.
Proof. See [Soe2] or [FKK] for example. 
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Fix an integral dominant weight λ whose stabilizer is the Young subgroup WQ. Let x, y be shortest coset
representatives ofW/WQ. Let n
x,y
Q (i) = (P (y.λ),M(x.λ)〈i〉). Let P
x,y
Q (t) = Σin
x,y
Q (i)t
i. The following propo-
sition is theorem 3.11.4 of [BGS]. Note that the formula given there differs from the formula in proposition 6
because in [BGS], longest coset representatives are considered.
Proposition 6. Let Px,y(q) be the usual Kazhdan-Lusztig polynomial of [KL]. Then
P x,yQ (q) = Σz∈WQ(−1)
l(z)Pxz,y(q
−2)ql(y)−l(x).
Denote by AQ the block of graded category O(gln) corresponding to the integral dominant weight λ whose
stabilizer is Q. Let (V ⊗nk−1)Q denote the corresponding weight space of V
⊗n
k−1. Consider the homomorphism
α : [gmod − AQ] → M
Q given by α([M˜ (σ.λ)]) = mσ. There is also a homomorphism β : [gmod − AQ] →
V ⊗nk−1[Q] given by β([M˜(σ.λ)]) = vi1 ⊗ · · · ⊗ vin where
(i1, . . . , in) = σ.(k − 1, k − 1, . . . , 0, 0).
There is a map φ : MQ → V ⊗nk−1[Q] given by φ(mσ) = vi1 ⊗ · · · ⊗ vin where (i1, . . . , in) = w0σ.(k − 1, k −
1, . . . , 0, 0). Finally, there is the graded derived twisting functor corresponding to the longest element in the
Weyl group
LT˜w0〈l(w
Q
0 )〉 : D
b(gmod− AQ)→ D
b(gmod−AQ).
For a definition of the twisting functor see [AS]. The following lemma could be found in [FKS].
Lemma 5. There is an equality of maps: φ ◦ α = β ◦ [LT˜w0〈l(w
Q
0 )〉] : Q(q) ⊗Z[q,q−1] [D
b(gmod − AQ)] →
V ⊗nk−1[Q].
The following is theorem 2.5’ of [FKK].
Lemma 6. Let (j1, . . . , jn) = w0σ.(k − 1, k − 1, . . . , 0, 0). Then φ(mσ) = vj1 ⋄ · · · ⋄ vjn .
Proposition 7. The indecomposable projective module P˜ (y.λ) descends to the element my of the positive
self dual basis of MQ under the map α above.
Proof. By theorem 3.11.4 of [BGS], P x,yQ (q) gives the graded multiplicity of M˜(x.λ) in P˜ (y.λ). On the other
hand, by the proposition 6,
P x,yQ (q) = Σz∈WQ(−1)
l(z)Pxz,y(q
−2)ql(y)−l(x).
In the notation of [Soe2], this is equal to
Σz∈WQ(−q)
l(z)
hxz,y = nx,y.
Recall from [Soe2] that my = Σxnx,ymx. 
Theorem 5. The indecomposable tilting module T˜ (a1, . . . , an) in ⊕dgmod-Ad descends to the canonical basis
element va1 ⋄· · ·⋄van in the Grothendieck group under the map sending Verma modules to the standard basis.
Proof. By proposition 7, indecomposable projective objects descend to the positive self dual basis in the Hecke
module MQ in the Grothendieck group. Since φ ◦ α = β ◦ [LT˜w0〈l(w
Q
0 )〉], and φ maps the positive self dual
basis to the canonical basis, LT˜w0〈l(w
Q
0 )〉 maps projective objects to objects which descend to the canonical
basis in the Grothendieck group. Proposition 5.2c of [FKS] shows that LT˜w0〈l(w
Q
0 )〉P˜ (x.λ)
∼= T˜ (w0x.λ).
Thus tilting modules descend to the canonical basis via the map β. 
Example 1. For the case of Uq(sl2), we have as in example 5.4 of [FKS], the identification [T˜ (1, 0)] =
v1 ⋄ v0 = v1 ⊗ v0 + q
−1v0 ⊗ v1 and [T˜ (0, 1)] = [M˜(0, 1)] = v0 ⋄ v1 = v0 ⊗ v1.
Recall the definition of the involution ψ from section 2.
Lemma 7. The maps ψ and πi1,...,ir commute:
ψπi1,...,ir = πi1,...,irψ : V
⊗i1
k−1 ⊗ · · · ⊗ V
⊗ir
k−1 → Λ
i1Vk−1 ⊗ · · · ⊗ Λ
irVk−1.
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Proof. First consider the case r = 1. The tilting modules in ⊕dgmod-A
i1
d
descend to the canonical basis
of V ⊗i1k−1 . Note that if this is not a regular block, then gmod-A
i1
d
= 0. If w 6= wd0 , then by corollary 1,
LZ˜(i1)T˜ (w.ωd) = 0. If w = w
d
0 , then in the Grothendieck group, [T˜ (w.ωd)] = va1 ⊗ · · · ⊗ vai1 with a1 ≤
· · · ≤ ai1 . If any of these are equalities, πi1(va1 ⊗ · · · ⊗ vai1 ) = 0. If they are all strict inequalities, then
πi1(va1 ⊗ · · · ⊗ vai1 ) = vai1 ∧ · · · ∧ va1 . Thus πi1 sends canonical basis elements to canonical basis elements.
Now we see that
πi1,...,irψ = (πi1,...,ir−1 ⊗ πir ) ◦Θ(ψ ⊗ ψ)
where the maps ψ on the right hand side are the involutions for their respective representations. This is
equal to Θ ◦ (πi1,...,ir−1 ⊗ πir ) ◦ (ψ ⊗ ψ). By induction this is equal to
Θ ◦ (ψπi1,...,ir−1 ⊗ ψπir ) = ψ ◦ πi1,...,ir .

Proposition 8. For each element v′⋄ in the canonical basis of Λ
i1Vk−1 ⊗ · · · ⊗ Λ
irVk−1, there exists an
element v⋄ in the canonical basis of V
⊗(i1+···+ir)
k−1 such that πi1,...,ir(v⋄) = v
′
⋄.
Proof. Condition 1 of an element to be in the canonical basis is satisfied due to lemma 7.
Suppose a1 < · · · < ai1 , . . . , an−ir+1 < · · · < an. Let
v = va1 ⊗ · · · ⊗ van
v⋄ = va1 ⋄ · · · ⋄ van
v′ = (vai1 ∧ · · · ∧ va1)⊗ · · · ⊗ (van ∧ · · · ∧ van−ir+1)
v′⋄ = (vai1 ∧ · · · ∧ va1) ⋄ · · · ⋄ (van ∧ · · · ∧ van−ir+1)
Then v⋄ = v+Σw 6=vq
−1Z[q−1]w, where the summation is over the standard basis of V
⊗(i1+···+ir)
k−1 . By the
formulas for projection from section 2,
πi1,...,irv⋄ = v
′ +Σw′q
−1Z[q−1]w′,
where the summation is over the standard basis of Λi1Vk−1⊗ · · ·⊗Λ
irVk−1. The proof will be complete once
it is verified that w′ never equals v′.
We denote the parabolic subalgebra determined by (i1, . . . , ir) by p. Let
T˜ (v⋄) = T˜ (a1, · · · , an)
M˜(v) = M˜(a1, · · · , an)
T˜ p(v′⋄) = T˜
p(ai1 , . . . , a1, . . . , an, . . . , an−ir+1)
M˜p(v′) = M˜p(ai1 , . . . , a1, . . . , an, . . . , an−ir+1)
Then
πi1,...,ir (v⋄) = [LZ˜
p[ai1,...,ir ]T˜ (v⋄)] = [M˜
p(v′)] + q−1Z[q, q−1]Σw′ [M˜
p(w′)].
Now note that LZ˜p[ai1,...,ir ]T˜ (v⋄) is a (possibly shifted) tilting module T˜
p(v′⋄). Thus a (possibly shifted)
generalized Verma module M˜p(v′) occurs exactly once in the generalized Verma flag. Thus
πi1,...,ir (v⋄) = v
′ +Σw′ 6=v′q
−1Z[q−1]w′.
Therefore condition 2 of section 2 is satisfied. 
Recall the definition of T˜ p(v′⋄) from the proof of proposition 8.
Theorem 6. Indecomposable tilting objects T˜ p(v′⋄) in the parabolic subcategory ⊕dgmod-A
p
d
descend to the
canonical basis in the Grothendieck group under the map sending generalized Verma modules to the standard
basis.
Proof. Indecomposable tilting modules T˜ (v⋄) in ⊕dgmod−Ad descend in the Grothendieck group to canon-
ical basis elements of V
⊗(i1+···+ir)
k−1 . The derived Zuckerman functor maps these tilting modules to indecom-
posable tilting modules T˜ p(v′⋄). The theorem follows in light of propositions 5 and 8. 
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Theorem 7. Let {b1, . . . , bm} be the canonical basis for the tensor product of finite dimensional irreducible
Uq(slk) modules V (λ1) ⊗ · · · ⊗ V (λk). Let Ei, Fi, i = 1, . . . , k − 1 be Chevalley generators for this algebra.
Then Eibj = Σnci,j,nbn, Fibj = Σndi,j,nbn where ci,j,n, di,j,n ∈ N[q, q
−1] for all i, j, n.
Proof. First assume the representations in the tensor product are fundamental representations. By theorem 6,
the indecomposable tilting modules with specified graded lifts descend to the canonical basis of Λi1Vk−1⊗· · ·⊗
ΛirVk−1. Since projective functors map tilting modules to tilting modules, the coefficients of the canonical
basis under the action of Ei and Fi are certain multiplicities. The positivity for the tensor products of
fundamental representations now follows.
A tensor product of finite dimensional, irreducible module may be embedded in a tensor product of
fundamental representations. Since a canonical basis for the tensor product of fundamental representations
restricts to the canonical basis for a tensor product of the corresponding irreducible representations [Lus],
we now have the positivity result in this more general case.

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